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p-ADIC ANALYSIS IN THE LIZORKIN TYPE SPACES: 
FRACTIONAL OPERATORS, PSEUDO-DIFFERENTIAL 
EQUATIONS AND TAUBERIAN THEOREMS 

S. ALBEVERIO, A. YU. KHRENNIKOV, AND V. M. SHELKOVICH 


Abstract. In this paper the p-adic Lizorkin spaces of test functions and 
distributions are introduced, and multidimensional Vladimirov’s and Taible- 
son’s fractional operators are studied on these spaces. Since the p-adic Li¬ 
zorkin spaces are invariant under the Vladimirov and Taibleson operators, 
they can play a key role in considerations related to fractional operator 
problems. A class of p-adic pseudo-differential operators in the Lizorkin 
spaces is also introduced and solutions of pseudo-differential equations are 
constructed. p-Adic multidimensional Tauberian theorems connected with 
fractional operators and pseudo-differential operators for the Lizorkin dis¬ 
tributions are also proved. 


1. Introduction 

1.1. p-Adic mathematical physics. It is well known that apart from the 
“usual” mathematical physics (“C-case”, where all functions and distributions 
are complex or real valued defined on spaces with real or complex coordinates) 
there is a p-adic mathematical physics where all functions and distributions 
are defined on the field Qp of p-adic numbers (definition of the field Qp see 
below in Sec. n. 

There are a lot of papers where different applications of p-adic analysis to 
physical problems (in the strings theory, in quantum mechanics), stochastics, 
in the theory of dynamical systems, cognitive sciences and psychology are 
studied n-i, i-ini, la, iibi. m- esi, ra. ra. uti- eh (see also the 
references therein). Note that the theory of p-adic distributions (generalized 
functions) plays an important role in solving mathematical problems of p-adic 
analysis and applications. Fundamental results about the p-adic theory of 
distributions can be found in m, 1201, Ea, mi, mi)- Note that to deal 
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with nonlinear singular problems of p-adic mathematical physics, in i- i 
algebraic nonlinear theories of distributions were constructed. 

Since there exists a p-adic analysis connected with the mapping Qp into 
Qp and an analysis connected with the mapping Qp into the field of com¬ 
plex numbers C, there exist two types of p-adic physics models. It is known 
that for the p-adic analysis related to the mapping Qp —>■ C, the operation 
of partial differentiation is not defined, and the Vladimirov fractional oper¬ 
ator D°‘ = f-a* plays a corresponding role ga IX], where fa is the p-adic 
Riesz kernel iH), * is a convolution. Moreover, large quantity of p-adic mod¬ 
els use the Vladimirov fractional operator and the theory of p-adic distribu¬ 
tions 0, 0, 1121. PI. Hi, 1221- 121, PI, PI. PI; further generalizations 
can be found in PI. p|. However, in general, ^ 'Z^(Qp) for p G P(Qp), 
and consequently, the operation is well defined only for some distributions 
/ G V'(Qp). For example, in general, is not dehned in the space of test 
functions 'D(Qp) gTj IX.2]. 

We recall that similar problems arise for the “C-case” of fractional opera¬ 
tors PI, PI, p|. Namely, in general, the Schwartzian test function space 
5(R”) is not invariant under fractional operators. A solution of this problem 
(in the “C-case”) was suggested by P. 1. Lizorkin in the excellent papers El- 
Pl (see also gH], jSS])- Namely, in gni Es a new type spaces invariant 
under fractional operators were introduced. 

We recall the definition of one type of the Lizorkin space (for details, see gS], 
gO] . gT]i. Denote by N, M, C the sets of positive integers, real numbers and 
complex numbers, respectively, and set No = OUN. For a = (ai,..., «„) G Nq 
and X = {xi,..., Xn) G M" we assume |a| = Ylk=i and x°‘ = xf^ ■ ■ ■ a:"". We 
shall denote partial derivatives of the order |a| hj df = • Now let 

us consider the following subspace of test functions 

(1.1) vI/(M-) = {^.(0 : G 5(M") : (a^^)(0) = 0, |j| = 1,2,...}, 

The space of functions 

(1.2) d)(R”) = {</>:</> = F[fi], G T(R'^)} C 5(R"), 

is called the Lizorkin space, where F is the Fourier transform. This space 
admits a simple characterization: 0 G <h(R") if and only if 0 G iS(R"') and 

(1.3) [ x^(j){x)d'^x = 0, |j| = 0,1,2,.... 

Thus <F(R”') is the subspace of Schwartzian test functions, for which all the 
moments are equal to zero. 

It is well known that <F(R”') is invariant under the Riesz fractional operator 
D", a G C, given by the formula 

(1.4) (D“0)(a;) i-A)'^/^fi{x) = a_„(x) * 0(x), 0 G <F(R"), 
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where the Riesz kernel is dehned as Ka{x) 


2 ^ \^\a—n 

-7T- L6 , 

2“7rTr(f)' ' ’ 


where 


X 


and |x|“ is a homogeneous distribution of degree a, A is the 

Laplacian. 

Note that fractional operators in the “C-case”, as well as in the p-adic case 
have many applications and are intensively used in mathematical physics , 
|4()j . |41j . These two last fundamental books have the exhaustive references. 

We recall also that in the “C-case” the Tauherian theorems have numerous 
applications, in particular, in mathematical physics. Tauberian theorems are 
usually assumed to connect the asymptotic behavior of a function (distribu¬ 
tion) at zero with asymptotic behavior of its Fourier, Laplace or other integral 
transform at inhnity. The inverse theorems are usually called “Abelian” |15j . 
|2bj . (see also the references cited therein). Multidimensional Tauberian 
theorems for distributions are treated in the fundamental book |1H], some of 
them are connected with the fractional operator. In jlH], as a rule, theorems 
of this type were proved for distributions whose supports belong to a cone in 
M" (semiaxis for n = 1). This is related to the fact that such distributions 
form a convolution algebra. In this case the kernel of the fractional operator 
is a distribution whose support belongs to the cone in or a semiaxis for 

n = 1 gni §2.8.]. 


1.2. Contents of the paper. In this paper the p-adic Lizorkin type spaces 
and multidimensional fractional operators and pseudo-differential operators 
on these spaces are constructed. Since the Lizorkin spaces are invariant under 
fractional operators, they are “natural” dehnition domains of them, and can 
play a key role in models related to the fractional operators problems. 

In this paper we also prove p-adic analogs of Tauberian theorems for the 
Lizorkin distributions. Tauberian theorems of this type are connected with 
the fractional operators. Taking into account the fact that kernels of the frac¬ 
tional operators are dehned on the whole space Q” (by virtue of the p-adic 
held nature), Tauberian theorems proved in this paper are not direct analogs 
of Tauberian theorems from jlHI- Some p-adic Tauberian theorems for distribu¬ 
tions in T>'{Qp) were hrst proved in [211, Ell- Since the space of distributions 
is not invariant under Vladimirov’s operator, mentioned Tauberian 
theorems in have been proved only under reasonable restrictions. In 

this respect the present paper gives a more natural framework for such results. 

In Sec. 121 we recall some facts from the p-adic theory of distributions. 

In Subsec. o we introduce the p-adic Lizorkin spaces of test functions 
<hx(Qp) and distributions <Fx(Qp) of the hrst kind, and in Subsec. 18.21 the p- 
adic Lizorkin spaces of test functions *h(Qp) and distributions *h'(Qp) of the 
second kind. It is easy to see that the p-adic Lizorkin space 4’(Qp) is an analog 
of the Lizorkin space <F(M"') dehned by da. The Lizorkin spaces <Fx(Qp) and 
<h(Qp) admit characterizations (ED) and o, respectively. In Subsec. 18.81 by 
Lemmas EiEini we prove that the Lizorkin spaces ‘hx(Qp) and ^(Qp) are 
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dense in £^(Qp), 1 < p < oo. In fact, for n = 1 and p = 2 this statement was 
proved in jT 7 l IX.4.]. Note that for p = 2 the statements of Lemmas ld.4[ Id.hl 
are almost obvious, but for p ^ 2, similarly as for the “C-case” jlO], these 
statements are nontrivial. Our proofs of these lemmas almost word for word 
follow the proofs developed for the “C-case” in j40j . 

In Sec. E] two types of the multidimensional fractional operators are con¬ 
structed. In Subsec. mu we recall some facts on the Vladimirov one- di¬ 
mensional fractional operator and introduce the Vladimirov multidimensional 
operator as the direct product of one-dimensional fractional Vladimirov’s 
operators Dx^. Next, we define this operator in the Lizorkin space of distri¬ 
butions <l>x(Qp for all a G C". In Subsec. 14.21 we recall some facts on the 
multidimensional fractional operator D° introduced by Taibleson §2], 
IIL4.] in the space of distributions T>'{Qp) for a G C, a 7^ —n and define 
this operator in the Lizorkin space of distributions <I>'(Qp for all a G C. The 
Lizorkin space <I>x(Qp is invariant under the Vladimirov fractional operator 
fLemma 14.2j] . while the Lizorkin space *h(Qp) is invariant under the Taible¬ 
son fractional operator fLemma l4.2|) . These fractional operators form Abelian 
groups on on the corresponding the Lizorkin spaces (see (ITOD ). 

In fact, in order to define the one-dimensional fractional Vladimirov oper¬ 
ators D~^, the one-dimensional Lizorkin space of test functions ‘h(Qp) was 
introduced in |T7l IX.2] (compare with (ld.d|l L For n = 1, according to m 
IX,(5.7),(5.8)] and [201, eigenfunctions ()4.21|1 of Vladimirov’s operator D^, 
a > 0 satisfy condition (USD, and, consequently, belong to the Lizorkin space 
<h(Qp). Moreover, our results imply that these functions are also eigen¬ 

functions of the operator D°‘ for a < 0 (see Remark mn). 

In Subsec. 101 by analogy with the “C-case” gO], gH, two types of p- 
adic Laplacians are discussed. Note that such types of p-adic Laplacians were 
introduced in IZQ. 

In Sec. 121 n class of pseudo-differential operators A (gH) on the Lizorkin 
spaces are introduced. The Lizorkin spaces are invariant under our pseudo¬ 
differential operators. The fractional operator D", a G C belongs to this class 
of pseudo-differential operators. The family of pseudo-differential operators 
A with symbols M.(.^) 7^ 0, G Q” \ {0} forms an Abelian group. In this 
subsection solutions of pseudo-differential equations Af = g, g E *h'(Qp are 
also constructed. 

In Sec. El we recall a notion of a p-adic quasi-asymptotics from our pa¬ 
pers gni, gzj. 

In Sec. [71 a few multidimensional Tauberian type theorems fTheorems 17. IL 
17.51 Corollary 17. Ij) for distributions are proved. Theorem 17.11 and Corollary 17. II 
are related to the Fourier transform and hold for distributions from V{Qp). 
Theorems rr^m are related to the fractional operators and hold for distri¬ 
butions from the Lizorkin spaces <hx(Qp and <I>'(Qp. Theorem 17.51 is related 
to the pseudo-differential operator in the Lizorkin space 4>'(Qp. 
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2 . p-Adic distributions. 

We shall use the notations and results from im. We denote by Z the sets 
of integers numbers. Recall that the held Qp of p-adic numbers is dehned as 
the completion of the held of rational numbers Q with respect to the non- 
Archimedean p-adic norm | ■ |p. This norm is dehned as follows: |0|p = 0; 
if an arbitrary rational number a; 7 ^ 0 is represented as x = p"’'^, where 
7 = 7 ( 0 ;) G Z, and m and n are not divisible by p, then \x\p = p~'^. This norm 
in Qp satishes the strong triangle inequality |x + p|p < max(|x|p, |p|p). 

Denote by Q* = Qp \ {0} the multiplicative group of the held Qp. The 
space Qp = Qp x ■ ■ ■ x Qp consists of points x = (xi,..., x„), where Xj G Qp, 
j = 1, 2 ..., n, n >2. The p-adic norm on Q” is 

(2.1) |x|p = max |x,-|p, x G Q” 

l<j<n ^ 

Denote by = {x : |x — a|p < p'’'}, the ball of radius p'*' with the center 

at a point a = (oi,..., a„) G Qp and i?"(0) = R”, 7 G Z. Here 

(2.2) B'^{a) = X ■ ■ ■ X 

where B^{aj) = {xj : \xj — aj\p < is a disc of radius p'^ with the center at 
a point Qj G Qp, j = 1, 2 ..., n. 

On Qp there exists the Haar measure, i.e., a positive measure dx invariant 
under shifts, d{x -|- a) = dx, and normalized by the equality dx = 1 . 

The invariant measure dx on the held Qp is extended to an invariant measure 
d^x = dxi ■ ■ • dxn on Q” in the standard way. 

A complex-valued function / dehned on Q^ is called locally-constant if for 
any x G Q” there exists an integer /(x) G Z such that 

f{x + x) = f{x), x'e B^^^y 

Denote by T(Qp) and 'D(Qp the linear spaces of locally-constant C-valued 
functions on Q” and locally-constant C-valued functions with compact sup¬ 
ports (so-called test functions), respectively; V = V{Qp), £ = T(Qp). If 
(p G D(Qp), according to Lemma 1 from VI.1.], there exists I G Z, such 
that 

(p(x + x') = (p(x), x' G R", X G Qp. 

The largest of such numbers I = Z(<p) is called the parameter of constancy of 
the function p. 

Let us denote by '^(^(Qp) the hnite-dimensional space of test functions from 
D(Qp) having supports in the ball B'ff and with parameters of constancy > /. 
Any function p G D)y(Qp) is represented in the following form 

pn(N-l) 

(2.3) p(a:) = ^ p( 6 ^)Az(xi - 61 ) ■ ■ ■ Az(x„ - fe))), x G Q”, 

U=1 
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where A^{xj — b'<) is the characteristic function of the ball and the 

points 6 ^ = {b'(,.. .b^) E B'^ do not depend on ip |171 VI,(5.2’)] 

Denote by 'D'(Qp) the set of all linear fnnctionals (distribntions) on D(Qp). 
It follows from m VI.3.] that any linear fnnctional / is continnous on D(Qp). 

Let us introduce in D(Qp a canonical 5-sequence 5k{x) '^= p^^VL{p^\x\p) , and 

a canonical 1-sequence Ak{x) k E Tj, x E Qp, where 



Here Ak{x) is the characteristic fnnction of the ball B'^. It is clear jT71 VI.3., 
VII.1.] that —>• fc —>• cx) in T>'{Q^) and > 1, fc —>• cx) in S{Q^). 

The convolntion / * for distributions f,g E T>'{Qp) is dehned (see m 
VII.l.j) as 

(2.5) (/ *g,ip) = lim {f{x) X g{y), Ak{x)ip{x + y)) 

k^OQ 

if the limit exists for all p E ©(Q”), where f{x) x g{y) is the direct prodnct 
of distributions. 

The Fonrier transform of ip E 'D(Qp) is dehned by the formula 

= f Xp{^ ■ x)ip{x) d^x, ^ E Qp, 

where Xpi^ ' x) = Xpi^iXi) ■ ■ -Xpi^riXu) = ^ • a: is the scalar 

product of vectors, and the fnnction Xpi^jXj) = for every hxed Q E 

Qp is an additive character of the held Qp, {^jXj}p is the fractional part of 
a number Qxj, j = 1,... ,n m VII.2.,3.]. It is known that the Fonrier 
transform is a linear isomorphism T>{Qp) into ©(Q”). Moreover, according 
to jini Lemma A.], [HI 111,(3.2)], |171 VIL2.], 

(2.6) iff 

We dehne the Fonrier transform F[f] of a distribntion / G D'(Qp) by the 
relation |171 VIL3.] 

(2.7) V,;eC(Q”). 

Let A be a matrix and b E Qp. Then for a distribntion / G 'D'(Qp) the 
following relation holds jT7l VII,(3.3)]: 

(2.8) F[f(Ax + 6)1(0 = I det 21|pXp( ()Flf{x)] (^-'O, det A 0. 

In particular, if / G D'(Qp), a E Q*, b E Qp then 

Flf(ax-h b)](^) = jajp\pf - -^)Flf(x)]f-y 
According to m iv.(3.i)]. 

(2.9) F[AA,](a:) ^ 6A,(a:), heZ, x^<^. 
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In particular, F[f2](a;) = f2(x). 

If for distributions /, S' G T>'{Qp) a convolution f*g exists then Ba VII,(5.4)1 


(2.10) Flf t g] = Flf]F[g]. 

It is well known (see, e.g., m III.2.]) that any multiplicative character tt of 
the held Qp can be represented as 

(2.11) 7l{x) na{x) = \x\p~^'Ki{x), X e Qp, 

where 7r(p) = and tti{x) is a normed multiplicative character such that 

(2.12) 7ri(a:) = 7ri(|a;|pa;), 7ri(p) = 7ri(l) = 1, |7ri(x)| = 1. 

We denote tto = \x\~^. 

Definition 2.1. Let tTq be a multiplicative character of the held Qp. 

(a) ( |2ni Ch.II,§2.3.], im VIII.1.]) A distribution / G T>'{Qp) is called 
homogeneous of degree tTq if for all (p G 'P(Qp) and t E Q* we have the relation 

(/,</ 2 (|)) = 7ra{t)\t\p{f,(p), 

i.e., f{tx) = 7ia{t)f{x), t G Q*. 

(b) We say that a distribution / G 'P'(Qp is homogeneous of degree tTo if 
for all f G Qp we have 

(2.13) f{tx) = f{tXu...,tXn) =7ra{t)f{x), X = {Xi, . . . , Xn) E Q^. 

A homogeneous distribution of degree 7ia{x) = |x|p“^ (a ^ 0) is called homo¬ 
geneous of degree a — 1 . 

For every multiplicative character 7ia{x) 7 ^ tq = \x\~^, x 7 ^ 0 a homogeneous 
distribution tTo G T>'{Qp) of degree Tia{x) is dehned by m VIII,( 1 - 6 )] 

{7r^,ip)= / \x\p~^7ri{x){ip{x) - (p{0)) dx 

J Bo 


(2.14) 


+ / kip ^'Xi{x)ip{x)dx + ip{0)Io{a), 
J Qp\Bo 


for all (f E V{Qp), where 


Io{a) = / |x|p ^TTi{x)dx = 


I Bo 


0 , 


i-p-J 

l—p~^ 


« k hi = j e z. 


7ri(x) ^ 1, 

7ri(x) = 1. 


Definition 2.2. (a) ( i 0) A distribution fm E T>'(Qp) is said to be asso¬ 
ciated homogeneous {in the wide sense) of degree tTq, and order m, m E No, 

if 

m 

a{t)\t\p{fmi P) ’^a(^) kp l^Sp kp(/m—j, 9^) 

i=i 
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for all G T>{Qp) and t G Q*, where /m-j ^ '^'(Qp) is an associated homoge¬ 
neous distribution of degree tTq and order m — j, j = 1,2,... ,m, i.e., 

m 

fm{tx) = + log^ \t\pf^_j{x), t G Q*. 

i=i 

If m = 0 we set that the above sum is empty. 

(b) We say that a distribution / G T>'{Qp) is associated homogeneous {in the 
wide sense) of degree tTq and order m, m G No, if for all t G Q* we have 

m 

(2.15) fm{tx) = fm{txi, . . .,tXn) = 7la{t)fm{x) + '^'Ila{t) log^ \t\pfm-j{x), 

i=i 

where /m-j ^ 'I^'iQp) is an associated homogeneous distribution of degree tTq 
and order m — j, j = 1,2,... ,m. 

An associated homogeneous {in the wide sense) distribution of degree 7ia{t) = 
\t\p~^ and order m is called associated homogeneous oi degree a — 1 and order m. 

(c) Associated homogeneous distribution (in the wide sense) of order m = 1 
is called associated homogeneous distribution (see m and 0, 0) 

The theorem describing all one-dimensional associated homogeneous {in the 
wide sense) distributions was proved in 0, 0 
According to 0, 0, 0 §3], an associated homogeneous distribution of de¬ 
gree 7ia{x) = |a;|"“^7ri(a;) ^ and order m, m G N is dehned as 

{7ia{x) log™ \x\p, ip{x)) = / |x|““^7ri(a:) log™ \x\p{ip{x) - (^(0)) dx 

JBq 

-t- / \x\p~^^^{x) \x\pif{x) dx 

J Qp\Bo 


(2.16) +V^{0) [ \x\p ^Tri{x)\og^\x\pdx, y(peV{Qp), 

Jbq 

where Io{a-,m) = /gjx|“-^7ri(a;) log™ |a;|pdx = log™e. In g], 0, 0 

§3] an associated homogeneous distribution of degree 7ro(x) = |x|“^ and order 
m, m G N is defined as 


P 


log. 


m—l 


X 


X 




(2.17) = [ '^ {ip{x)-^{0))dx+ [ ^.^^-^^^{x)dx, 

Jbo \x\p J'Qp\Bo \x\p 

for all (f G 'P(Qp). 

The integrals 

(2.18) rp(a) =^rp(|x|“-^) = / |x|“-^Xp(x)dx = ^ 

jQp J- - P 
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(2.19) 


F[Trc](l) ^ I |x|p ^TTi{x)Xp{->:)dx 


are called p-adic T-functions m VIII,(2.2),(2.17)]. 

If 71^(x), 7r|(a;) are multiplicative characters then the following relation 
holds ga VIII,(3.6)]: 


( 2 . 20 ) 

where 

( 2 . 21 ) 


K » = Bp{ipl,ipl)\x\“*d v;(j')irj(i'), X € 


tp1 


rp«vr^|a;|p) ’ 

is the i3-function. 

The multidimensional homogeneous distribution |x| 
a — n is constructed as follows. If i^ea > 0 then the function generates 

a regular functional 


\a—n 

\p 


e V'{% 


) of degree 


( 2 . 22 ) 


{\xr-\^)= \xr--^{x)(rx, 


If Re a < 0 this distribution is defined by means of analytic continuation 03 
(*)], 011111,(4.3)], |171VIII,(4.2)]: 


(|x|“-",v^)= / |a;|“-"(v7(a;)-^(0))d"a; 


-Dn 


(2.23) 


+ 




\x\p '^(p{x) cTx + </9(0) 


1 — p 

1 — P“ 


for all ip 6 ®(Q;;), a # r, = J € Z, where 
enj. The distribution |a;| 


\x 


pi 


X G 


is given by 


ip is an entire function of the complex variable a 
everywhere except the points fij, j G Z, where it has simple poles with residues 
i^h(x). 

log p ^ ' 

Similarly to the one-dimensional case (I^TTI) . one can construct the distri¬ 
bution P(|^) called the principal value of the function 


(2.24) 


P 


X 


(p > = 


(p(x) - (p( 0 ) 


d^x + 


(p(x) 


'Bn 


\x\ 




X 


dPx, 


for all if G 'D(Qp). It is easy to show that this distribution is associated 
homogeneous of degree —n and order 1 (see i 0) 


The Fourier transform of lx 


OL—n 

P 


is given by the formula 


Theo¬ 


rem 2.], gH III,Theorem (4.5)], gTJ VIII,(4.3)] 

(2.26) F[Llr"]=ri”'(a)kt“. 


a 7 ^ 0 , n 
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where the n-dimensional T-function is given by the following formu¬ 

las [321, im Theorem 1.], III,Theorem (4.2)], jl?! VIII,(4.4)]: 

T^\a)'^= lim [ \x\p~^Xp{u ■ x) (Tx 

k^oo Jp-fe<|a;|p<pfc 

( 2 . 26 ) = [ 

where \u\p = 1. Here rp^^(a) = rp(a). 

3. The p-ADic Lizorkin spaces 

3.1. The Lizorkin space of the first kind. Consider the subspaces of the 
space of test functions 

=^x(Q^) 

= {1/^(0 e V{q;) : ..., e,_i, 0, e,+i,..., e.) = 0, j = 1, 2 ,..., n} 

and 

$X = 4>x(Q^) = {0:0 = i"[0], 0 e 4 /x(Q^)}. 

Obviously, \['x,*hx 0 0- Since the Fourier transform is a linear isomorphism 
T>(Qp) into T>(Qp), we have 4/x, d’x C T>(Qp). The space $x admits the 
following characterization; 0 G <Fx if and only if 0 G 'D(Qp) and 

(3.1) / (i){xi,...,Xj-i,Xj,Xj+i,...,Xn)dxj = t]^ j = l,2,...,n. 

t/Qp 

The space <Fx is called the p-adic Lizorkin space of test functions of the first 
kind. By analogy with the C-case uni 2 . 2 .], jm §25.1.], <I)x can be equipped 
with the topology of the space V{Qp) which makes <I)x a complete space. The 
space <I)x = ^x (Qp) is called the p-adic Lizorkin space of distributions of the 
first kind. 

Let Ti(Q;]) = {/ G V'{Q^) : (/,0) = 0, V0 G Tx}, i.e., ^^(Qp be the set 
of functionals from 'E’'(Qp) concentrated on the set Uf^i{x G Q” : Xj = 0}. 
Let <I>0(Qp) = {/ e T>'(Qp) : (/, 0) = 0, V0 G 'I'x}. Thus and are 
subspaces of functionals in V orthogonal to <Fx and Tx, respectively. It is 
clear that the set Tx consists of linear combinations of functionals of the form 
■ ■ ■ Aji ■ ■ ■ 1 ^n), J = 1) 2 ,..., n, where the hat ^ over denotes deletion of 
the corresponding variable from the vector .^ = (,^i..., fn)- The set consists 
of linear combinations of functionals of the form g{xi... ,Xj,..., Xn) x 6{xj), 
j = 1,2,...,n. 

Proposition 3.1. The spaces of linear and continuous functionals <Fx 'i^x 
can be identified with the quotient spaces 

K'x = ®7<i>i. «'x = TZ/'ti 

modulo the subspaces <Fx and Tx, respectively. 
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Proof. This proposition can be proved in the same way as m Proposition 2.5.]. 
It follows from the well-known assertion: if is a topological vector space 
with a closed snbspace M then E' can be identified with the qnotient space 
M' = E'/M^, where = {f e E' : (/, (p) = 0, V(p e M}. □ 

Analogously to (EZI, we define the Fourier transform of distributions / G 
<hx(Qp) and g E by the relations: 

(F[/],V^) = {/,F[^]), Vi/.eTx(Qp, 

^ ^ {E[g],cl>) = {g,E[cl>]), V0e«I>x(Qp. 

By dehnition, F[<I)x(Qp)] = ^x(Qp) and F[Tx(Qp)] = $x(Qp), i-e., (jSUl) 
give well defined objects. Moreover, and F[\hx(Qp)] = 

^x(Qp, 

3.2. The Lizorkin space of the second kind. Now we consider the spaces 
T = vl/(Q") = {^(0 G V{Q;) : m = 0} 

and 

$ = $(Q^) = {0:0 = F[0], 0 G T(Q^)}. 

Here T,<F C P(Qp. The space $(0]]) is called the p-adic Lizorkin space of 
test functions of the second kind. Similarly to <Fx, the space d* can be equipped 
with the topology of the space 'P(Qp) which makes $ a complete space. 

Since the Fourier transform is a linear isomorphism D(Qp into V{Qp), in 
view of (EH) the following lemma holds. 

Lemma 3.1. (a) 0 G d’(Qp) iff 4> ^ '^(Qp) 

(3.3) f 0(a;) d^x = 0. 

(b) 0 G V^Mp) n ^{Qp)> 

I (j){x) d^x = 0, 

Ifffj = F-1[0] G VZ^iQf) n vl/(Qp, z.e., 

0(0 = 0 , e e Bf^. 

In fact, for n = 1, this lemma was proved in jT 7 l IX.2.]. Unlike the C-case 
situation EH), (El, any function 0(0 G $ is equal to zero not only at ^ = 0 
but in a ball 3 0, as well. 

It follows from (El that the space d’(Qp) does not contain real-valued 
functions everywhere different from zero. 

Let d)' = <F'(Qp) denote the topological dual of the space <I’(Qp). We call it 
the p-adic Lizorkin space of distributions of the second kind. 

By \k“*“ and we denote the subspaces of functionals in T>' orthogonal to 
T and $, respectively. Thus T-*- = {/ G VfQff) : / = C5, C E £■} and 
$^ = {/ G P'(Q0 : / = O C* G C}. 
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Proposition 3.2. 

This assertion is proved in the same way as Proposition 13.11 
The space can be obtained from by “sifting out” constants. 

Thus two distributions in differing by a constant are indistinguishable 

as elements of <h'(Qp. 

We dehne the Fourier transform of distributions / G *h'(Qp) and g G T'(Qp 
by an analog of formula (13.2|) . It is clear that F[<F'(Qp] = T'(Qp and 
F[T'(Qp] = <F'(Qp, 

Let Ty(Qp be a class of multipliers in T(Qp and $*(0^ a class of con- 
volutes in <F(Qp. It is clear that a distribution / G \h'(Qp is a multiplier 
in T(Qp if and only if / G £^(Q" \ {0}). Thus = F[Ty(Qp]. Since 

T(Qp C \hy(Qp, according to the theorem from jl?! VII.3.], the class of all 
compactly supported distributions from / G T>'{Qp) is a subset of $*(0^) . 

3.3. Density of the Lizorkin spaces in Repeating the proof of 

the assertions from m, m 2 .2.,2.4.] practically word for word, we obtain the 
following p-adic analogs of these assertions. 

Lemma 3.2. Let g{-) G £^(Qp) and /(■) G £^(Qp), 1 < p < oo. Then 
ht{x)= f g{y)f{x-ty)d^y 

(3.4) = ^ ^ ^t^ ^ ^ ^ ^ ^ ‘^p- 

Proof. If p = 2, taking into account the Parseval equality |471 VII,(4.4)], for¬ 
mula (EHD, and using the Riemann-Lebesgue lemma m VII.3.], we have 

(3.5) ||A,||2=||F1/i,]||2= ( / |F| 9](«y) Fl/|(!,) fd”!/) ’ ^ 0. |«|p ^ ex., 

\2Q" / 

Here the passage to the limit under the integral sign is justihed by the Lebesgue 
dominated theorem |47l IV.4]. 

Let now p ^ 2. In view of the Young inequality jUJ 111,(1.7)], ht{x) G 
£^(Qp) and 

(3.6) llhtllp < IIpIIi ll/llp, 
where the last estimate is uniform. 

Clearly, it is sufficient to prove ()3.4|) for / G T’(Qp). Let r > 1 be such 
that p is located between 2 and r. Using the Holder inequality and taking into 
account that / G P(Qp), we obtain 
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where ^ | (i.e., A = ). Since the lemma holds for p = 2 , i.e., 

\\ht \\2 0 , \t\p oo, by (jSiEI), we have 

\\ht\\p< {\\g\\i\\f\\rY~^\\ht \\2 ^0, |t|p^cx), teQp. 

The lemma is thus proved. □ 

Lemma 3.3. Let g{-) G m < n — 1 and /(■) G £^(Qp, 1 < p < cx). 

Then 

(3.8) ht{x) = [ g{y)f{x',x" - ty) d^~^y ^ 0, |t|p ^ cx), t G Q*, 

where x' = {xi,..., Xm) e Q™, x" = (x^+i, ■■■,Xn) G Q""™, 1 < m < n - 1. 

Proof. If p = 2, just as above, using the Parseval equality |17l VII,(4.4)], and 
formula (El), we have 

(3.9) 

\\ht \\2 = \\F[ht ]\\2 = ( [ \F[g]{ty'') F[f]{y) \'^ d'^y'] ^0, \t\p ^ oo. 

Let now p 7 ^ 2. In view of the Young inequality, we have the uniform 
estimate 

(3-10) WhtWcpCQ]^) < ll5'll£i(Qjj-’") ||/||£p(Q^), 

Let r > 1 be such that p is located between 2 and r. Setting / G P(Qp), 
using inequality (EH), and taking into account that ||hf ||2 —> 0 , \t\p —> 00, we 
obtain 

||^t||£'>((Qj) < (Ils'll/ZPQ"-”*) ll/IInqQj)) ll^ill£2(Q~) ^ 0 , \t\p 00. 

The lemma is thus proved. □ 

Lemma 3.4. The space <h(Qp) is dense in £^(Qp), 1 < p < cxd. 

Proof. Since T’(Qp) is dense in £^(Qp), 1 < p < 00 (see jUl VI.2.]), it is 
sufficient to approximate the function ip G T>{Qp) by functions (ft G *h(Qp) in 
the norm of £^(Qp). 

Consider a family of functions 

V,K) = (1 - 6'i'(QP. 

where At{f) = ff(|t.^L) is the characteristic function of the ball Bf 1 , 

rip 

X G Qp, t G Qp, the function fl is dehned by (12.411 . In view of (j2.1()|l . we have 
0i(x) = F[ipt]{x) = F[(l - At(0)](x) * p(x) 

= 5(x) * (p(x) - F[At(0](x) * (fix) G <I)(Q)]). 
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According to (I2.9|l . F[Ai(,^)](a;) = i.e., the last relation can be 

rewritten as follows 

0t(x) = ip{x) - / Vt{\y\p)ip{x - ty)d^y. 

Applying Lemma to the last relation, we see that ||0t — —>• 0 as 

|t|p —>■ oo. □ 

Lemma 3.5. The space <hx(Qp) is dense in 1 < p < oo. 

Proof. The proof of this lemma is based on the same calculations as those 
carried out above. In this case we set tp G T>{Qp) and 

= (1 - A,(ei) ■ • • - A,(en))F-i[(p](0 G vl/x(Q”), 
where is the characteristic function of the disc j^pi, 

Xj ^ Qp; t ^ Qp, j = ^, ■ ■ ■ ylT-. By (j2.1U|) . we obtain 

0t(x) = p{x) - { 6 {x 2 , ...,Xn)x F[At (^i)] (xi)) * p{x) 

-((5(a:i,.. .,Xn-i) X F[At(^„)](x„)) * ip{x) G <hx(Qp)- 

Since F[At{fj)]{xj) = xj G Qp, j = 1,... ,?7 ,, the last relation can 

be rewritten as 

4 >t{x) = (fix) - / Q{\yi\p)ip{xi-tyi,X 2 ,...,Xn)dyi 

J^p 

/ Iz/n Ip) ; • • • : 1: 

According to Lemma f3.31 

= / ^i\yj\p)Ti^i, • • • > Xj - tyj, Xj+I,..., Xn)dyj ^ 0 

as |f|p ^ cx), j = l,...,n. Thus \\(j)t - p\\p < \\hi^t\\p H-h \ \hn,t\\p ^ 0 as 

|t|p —>■ oo. □ 

For n = 1 and p = 2 the statements of Lemmas 13.4L 13.51 coincide with the 
lemma from jT7l IX.4.] 

4. Fractional operators 

4.1. The Vladimirov operator. Let us introduce a distribution from the 
space T>'{Qp) 

(4.1) /„(z) = a 7 ^ /ij, a 7 ^ 1 + Pj, z G Qp, 

i p\(y.j 

called the Riesz kernel jl3 VIIL2.], where pj = ^j, j G Z, \z\p~^ is a 
homogeneous distribution of degree 7 ia{,z) = \z\p~^ dehned by ()2.14p . the F- 
function Fp(Q!) is given by (ITTHD . The distribution fa{z) is an entire function 






p-ADIC ANALYSIS IN THE LIZORKIN TYPE SPACES 


15 


of the complex variable a and has simple poles at the points a = a = l+fij, 

j e z. 

According to [HI VIII,(2.20)], we define /o(-) as a distribntion from P'(Qp): 


(4.2) fQ{z) = = 6 {z), z e Qp, 

Q —>0 

where the limit is nnderstood in the weak sense. 

Using im IX,(2.3)], we define /i(-) as a distribntion from <I>'(Qp): 

(4.3) fi{z) lim f^{z) = log \z\p, z e Qp, 

where the limit is nnderstood in the weak sense. 

It is easy to see that if a 7 ^ 1 then the Riesz kernel fa{z) is a homogeneous 
distribution of degree a — 1, and if a = 1 then the Riesz kernel is an associated 
homogeneous distribution of degree 0 and order 1 (see Dehnitions imioi . 

It is well known that 

(4.4) fa{z)* fg{z) = fa+giz), a, /3, a +/3 7 ^ 1, 

in the sense of the space T>'{Qp) |13 VIII,(2.20),(3. 8 ),(3.9)]. Formulas ()4.4j) . 
fl4.3|l . i.e., in fact, results of [HI IX.2], imply that 

(4.5) fa{z) * fg{z) = fa+giz), a, ^ e C, 

in the sense of distributions from $'(Qp). 

Let a = («!,..., an), aj G C, j = 1, 2,..., and |a| = ai + • • • + an- We 
denote by 

(4.6) faix) = faiiXl) X • • • X faA^n), 

the multi-Riesz kernel, where the one-dimensional Riesz kernel fa {xj), j = 
1,..., n is dehned by (j4.1|) - (l4.3jl . 

If (Tj 7 ^ 1, j = 1, 2,... then the Riesz kernel 

I 'T* -1 I ^ I “T* I 1 

f (r) - ' X ... X ' 

Ja{^) -p / ^ T / \ 

rp(o^l) LpyO-ff^j 

is a homogeneous distribution of degree \a\ — n (see Definition 12.11 fbU. 

If «! = ■ ■ ■ = afc = 1, afc+i, ■ • • , 7 ^ 1 then 

fa{x) = (-1)^4--^ log |Xi|p X • ■ • X log \Xk\p 

log p 


(4.7) 


X 


I 'Tt 11I 
\Xk+l \p 

rp(ofc_i_i) 


Xr, 


^-1 


X 


X 


Fp (a 


(o^n) 


Thus, if among all ai,... ,«„ there are k pieces such that = 1 and n — k 
pieces such that 7 ^ 1 then the Riesz kernel fa{,x) is an associated homogeneous 
distribution of degree |q;| — n and order fc, k = 1 ,... ,n (see Dehnition l2.2l fbiL 
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For example, if n = 2 and ai = a 2 = I then we have 0 : 2 ) = 

log |xi Ip log 1 x 2 Ip, X = (xi,X 2 ) e Qp and 

(p— 1)^ / 

/(i,i)(^a;i,fx2) = -— 2 — log|a;i|plog|x2|p 
log p V 

+ (log|xi|p + log|x 2 |p)log|f|p + log^ Np), t e Q*. 

Dehne the multi-dimensional Vladimirov operator of the hrst kind : 
0(x) —> D^(p[x) as the convolution 

(x) /_a(x) * 0(x) 

(4.8) = (/_„i(xi) X ••• X/_„„(xn),0(x-O), a;eQp, 

where 0 e <Fx(Qp). Here x ■■■ x D"", where = /_q,^.(xj)*, 

j = 1,2, ...,n. 

It is known that in the general case, (Zl“(p)(x) ^ 'F>(Qp) for p G F>(Qp) 

IX], i.e., the Bruhat-Schwartz space T>{Qp) is not invariant under the operator 

Da 

Lemma 4.1. The Lizorkin space of the first kind <I>x(Qp) is invariant under 
the Vladimirov fractional operator . Moreover, 

zi“(d>x(Q;)) = $x(Q^). 

Proof. Taking into account formula m VIII,(2.1)] 

(4.9) UAfe)l«) = l?jir'. i = 
and (BSD, dnni), we see that 

F[Df,m) = i6ip-“^ XX ienip-“"F[0](o, «i>x(Q"). 

Since F[0](O G 4'x(Qp) and |^i|-"i x ■ ■■ x e 4'x(Qp) for any 

a = {ai,...,an) G C" then e <hx(Qp), i-e., L>“(<I)x(Q")) C <hx(Qp). 

Moreover, any function from 4/x(Qp) can be represented as = |Ci|p^ x 

■ •-x |^n|p"i/'i(Oi V'l G Tx(Qp). This implies that L>"(<hx(Qp)) = <hx(Qp)- □ 

In view of (03, (ITTUl) . formula (011) can be rewritten as 

(4.10) (/l»(x) = F-l[|eilr X X len|“'^i"[0](O](^), 0 e «I>x(Q"). 

The operator = /_o,(x)* is called the operator of fractional partial dif¬ 
ferentiation of order |a|, for aj > 0, j = 1,... ,n] the operator of fractional 
partial integration of order |q!|, for < 0, j = 1,..., n; for ai = ■ ■ ■ = = 0, 

Hx = S{x)* is the identity operator. 

According to formulas (011), BID, we dehne the Vladimirov fractional op¬ 
erator D"/, a G C”' of a distribution / G ^^(Qp) by the relation 

(4.11) V.).e<l>,(Q”). 
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In view of fHTTD and Lemma 14.11 Zl“(<I>x(Qp) = <l>x(Qp. Moreover, in 
view of (14.51) . the family of operators Dt, a G C" forms an Abelian group: if 
/ G $'(Qp then 

.^^2) = 

D^D-y = f, a,(3eC-, 

where a + (3 = (ai + /3i, + /3„) G C". 

Example 4.1. If > 0, j = 1, 2,... then the fractional integration formula 
for the delta function holds 


I <y».. I ^1 1 

D-^Hx) = 


X ■ ■ ■ X 


\an-l 

Ip 


rp(Q?i) Lp^O;^) 

4.2. The Taibleson operator. Let us introduce the distribution from T>'{Qp) 


(4.13) 


\X\ 


K„(X = 


r<”'(a) 


a ^ 0, n, 


X G 


called the multidimensional Riesz kernel §2], III.4.], where the function 

\x\p, X G Qp is given by (ED). The Riesz kernel has a removable singularity 
at a = 0 and according to jlHl §2], jlll III.4.], jlTl VIIL2], we have 

1 _p-n 


{Ka{x),ip{x)) = 


Jo 

4n) 


+ 


rr(«) (i-p-“)r(")(a) 


-(^( 0 ) 


1 — n“ 1 — v ^ 

= 1 _ pa-n + 1 ^ ^ ^(Qp)i 

where is an entire function in a. Passing to the limit in the above relation, 
we obtain 

{no{x), ip{x)) lini(K„(a;), ip{x)) = <y 9 ( 0 ), V 92 G 'r’(Qp). 

Thus we dehne Ko(') as a distribution from 

(4.14) 


f^o{x) ‘^= lim Ka{x) = (5(x). 

o^O 


Next, using (E221), (ESI), and taking into account (Q, we define 
a distribution from the Lizorkin space of distributions <I>'(Qp: 


as 


A„(x),0) '^= \im.{Ka{x),(f)) = lim 


\x\ 




-0(x) d^x 


= —lim(l—p / —I- (j){x)d^x 

/3-0 ^ ^ pf ^ -1 ^ ' 

log |a;|p0(a;) V0G<l'(Qp), 


1 — p ' 

logp 
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where \a — n\ < 1. Similarly to the one-dimensional case m IX.2], the passage 
to the limit under the integral sign is justihed by the Lebesgue dominated 
theorem jUl IV.4], Thus, 


(4.15) 






lim Kq,(x) 


l-p-n 

logp 


log \x\p. 


Thus the Riesz kernel Ka{x) is well dehned distribution from the Lizorkin 
space $'(Qp for all a E C. 

According to Dehnitions I 2 . 11 fbl and 12.21 fbh if a 7 ^ n then Ka{x) is a homo¬ 
geneous distribution of degree a — n, and ii a = n then is an assoeiated 

homogeneous distribution of degree 0 and order 1 . 

With the help of (12.2511 . (14.1411 . we obtain the formulas ESI (**)], EH 
111,(4.6)], m VIII,(4.9),(4.10)]: 

(4.16) * Hgix) = Ka+gix), a, (3, a -\- (3 ^ n, 


which holds in the sense of the space V'{Qp). Taking into account formula 
(EmD, it is easy to see that 


(4.17) * Kg{x) = Ka+g{x), a, (3 E C, 

in the sense of the Lizorkin space <h'(Qp). 

Dehne the multi-dimensional Taibleson operator in the Lizorkin space 0 E 
<h(Qp) as the convolution: 

(4.18) (T>“0)(x) =^A_„(a;)*0(a;) = (a_„(x),0(x-O), a: G Q”, 

0 e <h(Q;]), aEC. 


Lemma 4.2. The Lizorkin space of the second kind *h(Qp) is invariant under 
the Taibleson fractional operator Df and Zl"(<h(Qp)) = <h(Qp). 

Proof. The proof of Lemma 14.21 is carried out in the same way as the proof of 
Lemma EU 

In view of formula ()2.25|1 . F[/s;Q,(a;)](.^) = Consequently, using (12.Kill , 

we have 

F[zi:0](o = 0e«h(Q"). 

Thus T’[(/)](^), |^i|““F[0](^) e 4'(Qp), aEC and Dfcj) E ^(Qp). That is 
Il“(<h(Qp)) C <h(Qp. Since any function from 4/(Qp) can be represented as 
^>(0 = V’l e 4'(Q;]), we have T)“($(Qp) = 4>(Qp. □ 


In view of (E 2 H), ( 1 ^^ . formula (j4.18|l can be represented in the form 
(4.19) (bj^)(i) = f-‘[|^I?fW«)]W. ^e-l>(Q;). 

According to (14.1811 . (12.511 . we dehne D°‘f of a distribution / e ^^Qp) by 
the relation 

{Dtf,4>) = {f,D“4>), V^e4(Q;). 


(4.20) 
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It is clear that D“($'(Qp) = <h'(Qp) and the family of operators D®, a G C 
have group properties of the form on the space of distributions <I>'(Qp. 


Example 4.2. If a > 0 then the fractional integration formula for the delta 
function holds 


D-°6{x) 


\x 


I a—n 

Ip 


rb(a)' 


Remark 4.1. In EZl IX.5.], the orthonormal complete basis in of 

eigenfunctions of Vladimirov’s operator D°‘ = f-a*, a > 0 was constructed. 
Another orthonormal complete basis in i2^(Qp) of eigenfunctions of the oper¬ 
ator D°‘, a > 0 

(4.21) Q^ja{x) = - a)x)Q{\p'^x - a|p), x G Qp, 

7 G Z, a G Ip = Qp/Zp, j = 1,2,... ,p — 1, was later constructed by 
S. V. Kozyrev in [201 • Here elements of the group Ip = Qp/Zp can be rep¬ 
resented in the form 


a=p '^(oo + aip^H - \-a^_ip^ ^), 7 G N, 

where = 0,1,... ,p — 1, j = 0,1 ,...,7 — 1. Thus 

(4.22) D^e^^aix) = a > 0. 

Since, according to mi IX,(5.7),(5.8 )], 1201, /qp ® 'yjaix) dx = 0 , the eigen¬ 
functions Q^ja{x) of Vladimirov’s operator Zl“, a > 0 belong to the Lizorkin 
space ‘h(Qp) (see Lemma f 8 . 1 |l . Since the Lizorkin space is invariant under the 
Vladimirov operator, Q^ja{x) are also eigenfunctions of Vladimirov’s operator 
D" for a < 0 , i.e., relation KT3i holds for any a G C. 

4.3. p-Adic Laplacians. By analogy with the “C-case” EOl, EH, and the 
p-adic case EH, EH X.l,Example 2], using the fractional operators one can 
introduce the p-adic Laplacians. 

The Laplacian of the hrst kind is an operator 

n 

-AfM "V ^ (Dlf)(x), f e nQ;) 

k=l 

with the symbol — ^ Qp, k = 1,2,... ,n-, the Laplacian of the 

second kind is an operator 

-Af(x)=^ {Dlf)(x), /et'wp. 

with the symbol — |^|p, ^ G Q”. Moreover, one can dehne powers of the 
Laplacian by the formula 

(-A7V(i) =7dJ/)(j), /€4'(Q"), aeC. 
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5. Pseudo-differential operators and equations. 

Similarly to the representation (RTTrUi . one can consider a class of pseudo¬ 
differential operators in the Lizorkin space of the test functions *h(Qp 

{A<p){x)=F-^[A{OF[m)]i^) 

(5.1) =f f Xp{{y-x)A)AOmd^^ry, 0e<h(Q^) 

JQ» JQ” 

with symbols ^(0 e \ {0}). 

In view of Subsec. Id.2l functions F[0](^) and ^(^)F[0](^) belong to 
and, consequently, (A 0 )(a;) G $(Qp. Thus the pseudo-differential operators 
dsn are well defined and the Lizorkin space *h(Qp) is invariant under them. 
If we define a conjugate pseudo-differential operator as 

(5.2) { A ^< p ){ x )= F -^[ A {- OF [ m )]{ x )= [ Xp{-x ■ 0 A {- 0 F [ m ) dA 

then one can define operator A in the Lizorkin space of distributions: for 
/ e <h'(Qp) we have 

(5.3) = V,),e4.(Q;). 

It is clear that 

(5.4) 5l/ = F-‘|.4F|/]]e4'(Q;). 

i.e., the Lizorkin space of distributions is invariant under pseudo¬ 

differential operators A. 

If A^B are pseudo-differential operators with symbols ^(^),i 3 (^) G T(Qp \ 
{ 0 }), respectively, then the operator AB is well defined and represented by 
the formula 

{AB)f = F-\ABF[f]]e^\%). 

If ^(0 7^ 0; 'C ^ Qp \ {0} then we define the inverse pseudo-differential by the 
formula 

A-'f = F-'lA-'Flf]], f€<S>'{Q;). 

Thus the family of pseudo-differential operators A with symbols ^(0 7^ 0 , 
^ G Qp \ { 0 } forms an Abelian group. 

If the symbol w 4 .(.^) of the operator A is an associated homogeneous function 
then the operator A is called an associated homogeneous pseudo-differential 
operator. 

According to formulas (gini), (illSD-dillSD, and Dehnitions 12.11 12.21 the 
operator Df, a 7^ —n is a homogeneous pseudo-differential operator of degree a 
with the symbol w 4 .(.^) = |.^|“ and is a homogeneous pseudo-differential 
operator of degree —n and order 1 with the symbol ^(0 = h^d^lp"") (see 

(E21). 
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Let US consider a pseudo-differential equation 
(5.5) Af = g, 

where A is a pseudo-differential operator (lEH), / is the desired distribution. 


Theorem 5.1. If the symbol of a pseudo-differential operator A is such that 
“^(0 7^ 0, G Qp \ {0} then the equation (15.51) has the unique solution 


fix) = F-^ 


r^PMOi 

[ ^(0 J 


(a:) 


iA-^g)ix) G ^>'(Q"). 


Proof. Applying the Fourier transform to the left-hand and right-hand sides of 
equation Af = g, in view of representation (j5.4|) . we obtain that .4,(^)F[/](^) = 
F[5(](^). Since according to Subsec. I5.2L F[<F'(Qp)] = \l''(Qp), F[\[^'(Qp)] = 
<h'(Qp), and is a multiplier in d'(Qp), we have F[f]{f) = G 

vl/'(Qp. Thus fix) = = iA-^9)ix) E <F'(Qp is a 

solution of the problem (ESI). 

Now we study solutions of the homogeneous problem (15.6|) . Let / G V'iQp) 
and Af = 0, i.e., according to (I5.5|l . {Af, f) = (/, A^cfl) = 0, for all f G *h(Qp). 
Since A'^(<F(Qp)) = $(Qp), we have (/, 0) = 0, for all f G *h(Qp), and conse¬ 
quently, / G (see Proposition Id.2|1 . Thus the solutions of the homogeneous 
problem (ESD are indistinguishable as elements of the space <F'(Qp). □ 


Let PNiz) = Ylk=o^kz’' 
us consider the equation 

(5.6) 


be a polynomial, where op G C are constants. Let 


Pr,{Df)f = g, gE^'iQ;), 


/ \ ^ dc J' 1 . 

where (T)“) = a G C and / is the desired distribution. 

Theorem 5.2. If P]^{z) ^ 0 for all z > 0 then equation ()5.b|l has the unique 
solution 


(5.7) 


/(U = F-' 


f IsKO 1 


(i) € 4'(<};). 


In particular, the unique solution of the equation 


D:f = g, gE^'iQ;), 

is given by the formula f = Df^g G $'(Qp). 

Proof. According to formulas (I2.2dj) - (I2.25|1 . ()4.1d|l - (l4.15|l . 


^K(x)] = ieir> «gc 

in <F'(Qp). Consequently, applying the Fourier transform to the left-hand and 
right-hand sides of relation (j5.bp . we obtain (EZI. Here we must take into 
account the fact that is a multiplier in T(Qp). Thus (15.7j) is the solution 

of the problem ()5.6|) . 

In view of the proof of Theorem 15.11 the homogeneous problem (j5.bjl has 
only a trivial solution. □ 
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In a similar way we can prove the following theorem. 


Theorem 5.3. If Pn{z) ^ 0 for all z > 0 then the equation 
a G C" has the unique solution 

-iF f’lslK) 


f(.n = F 




X) e <l.;(Qp, 


In particular, the unique solution of the equation 

D-J = g, get'AQ;), 

is given by formula f = DfPg G 

Now we prove an analog of the statement for the Vladimirov fractional 
operator IX. 1,Example 4], 


Proposition 5.1. Let A be a pseudo-differential operator with a symbol .4.(.^) 
and 0 7 ^ 2 ; G Q”. Then the additive character Xp{z ■ x) is an eigenfunction of 
the operator A with the eigenvalue A{—z), i.e., 

Axp(z ■ x) = A{-z)xpiz ■ x). 

Proof Since F[xp{z-x)] = 5(.^ + 2;), z 0,we have + = ^(—2;)5(.^ + 

z). Thus 

Axp{z ■ x) = F-^[A{f)F[xp{z ■ a:)](0](a:) 

= + z)]{x) = A{-z)xpiz ■ x). 

□ 


6 . Distributional quasi-asymptotics. 

We recall some facts from our papers I2SI, 1211, where we introduced the 
notion of the quasi-asymptotics uni, Hi adapted to the p-adic case. 


Definition 6.1. ( [221, E21) ^ continuous complex valued function p{z) on 
the multiplicative group Q* such that for any z G Q* the limit 

Mm 

|i|p^oo p(t) 

exists is called an automodel {or regular varying) function. 

It is easy to see that the function C{z) satishes the functional equation 
C{ah) = C{a)C{h), a,b E Q*. According to [201 Ch.II,§1.4.], III.2.], the 
solution of this equation is a multiplicative character tTq, of the held Qp dehned 
by (|2.11|), (|2.12|), i.e., 

( 6 . 1 ) 


C{z) = \z\‘f ^T^i{z), z G 
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In this case we say that an automodel function p{x) has the degree iTa. In 
particular, if Tiai^) = \Ap~^ that the automodel function has the degree 

a — 1. 

If an automodel function pit), t G Q* has the degree tTq, then the automodel 
function \t\^p{t) has the degree vTaTTo"^ = 7ri(f)where 7ro(t) = \t\~^. 

For example, the functions \t\p~^'n'i{t) and |t|““^7ri(f) log™ \t\p are automodel 
of degree tTq,. 


Definition 6.2. ( na. m Let / G V'{Q^). If there exists an automodel 
function p{t), f G Q* of degree tTq, such that 


fjtx) 

pA) 


9{x) ^ 0, 



in 



then we say that the distribution / has the quasi-asymptotics g{x) of degree 
TTq at inhnity with respect to p{t), and write 


f{x)'^g{x), \x\p ^ oo {p{t)). 


If for any a we have 


fjtx) 


0 , \t\j 


CX), 


in V'( 


then we say that the distribution / has a quasi-asymptotics of degree —oo at 


D 

inhnity and write /(x) ~ 0, |a;|p —*• cxo 


Lemma 6.1. ( |2Z1) Let f G 'F’'(Qp. If f{x) ~ g{x) ^ 0, as \x\p —^ 

oo with respect to the automodel function pit) of degree tTq, then g{x) is a 
homogeneous distribution of degree tTq {with respect to Definition \‘2.1l ih)) . 


Proof This lemma is proved by repeating the corresponding assertion from 
the book jlH] practically word for word. Let a G Q*. In view of Dehnition 16.11 
and dniD, we obtain 


{g{ax),(p{x)) 


lim (hM, 

|t|p^oo\ p{t) 


(p{x) 


for all a G Qp, 


= 7r„(a) lim /^^j^,ip{x)) = 7r„(a)(^(a;), (p(x)), 

\t\p^oo\ p{ta) / 

ip G ViQp). Thus g{ax) = 'Ko,{a)g{x) for all a G Q*. 


□ 


For n = 1, as it follows from the theorem describing all one-dimensional 
homogeneous distributions [201 Ch.II,§2.3.], |171 VIII.l.], and Lemma IFTTl if 
f{x) G T>'{Qp) has the quasi-asymptotics of degree tTq at inhnity then 


(6.2) f{x) ~ g{x) 


CTTaix), TTo 7^ TTo = |x|p\ 

CS{x), vTo = TTo = |a;|"\ 



oo, 


where C is a constant, and the distribution 7ia{x) is dehned by (EH- 
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Definition 6.3. ( 1211, E3) Let / G 'D'(Qp. If there exists an automodel 
function p{t), t E Q* of degree tTq, such that 

gix) ^ 0, \t\p cx), in r>'(QP 

then we say that the distribution / has the quasi-asymptotics g{x) of degree 
(tTq) at zero with respect to p(f), and write 


f{x)^g{x), |a:|p ^ 0 (p(t)). 

If for any a we have 

0, \t\p CX), in r>'(Qp) 

then we say that the distribution / has a quasi-asymptotics of degree —cx) at 

T>' 

zero, and write f{x) ~ 0, |x|p —>• 0. 


Example 6.1. Let fm ^ d^\Q.p) be an associated homogeneous {in the wide 
sense) distribution of degree 'n'a{x) and order m defined by (Emi), (I^TTIl . In 
view of Dehnition 1221 we have the asymptotic formulas: 

fm{tx) = 7li{t)\t\p~^ fm{x) 


+ 5^7ri(f)|f|" Hog^p \t\pfm-j{x), |t|p^CX), 

4=1 

/m(|) = 7ri\t)\t\-^+^fm{x) 

m 

+ \t\pfm-j{x), \t\p CX). 

4=1 

Here the coefficients of the leading term of both asymptotics are homogeneous 
distributions /o and (—l)™'/o of degree ^^{x) defined by the relation from 
Dehnition 12.21 

According to the last relations and Dehnitions 16.2L16.3L one can easily see 
that 

fm{x) ~ fo{x), |x|p^cx) (|f|“-Vi(f)log™ |t|p), 

fm{x) - (-l)”*/o(a;), |x|p^0 (|t|-“+Vf ^(f) log™ |f|p). 

7. The Tauberian theorems 

Theorem 7. 1. ( 1211) A distribution f G T>'{Qp) has a quasi-asymptotics of 
degree tTq at infinity with respect to the automodel function p{t), t G Q*, i.e., 
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if and only if its Fourier transform has a quasi-asymptotics of degree = 

T^a+n respect to the automodel function \t\pp{t), i.e., 

Fimm) ~ fiswiK). ki, - 0 (w>(()). 


T)' 

Proof. Let us prove the necessity. Let f{x) 9{x), 


\x\ 


oo 


[ pit )). 


(7.1) ip{x)'^ = {g{x), Lp{x)), 'i ip e V{q^), 

where p{t) is an automodel function of degree 7r„. In view of formula (12.81) . 
F[f{x)]{() = \t\^F[f{tx)]{f), e Q", f e Q;, we have 

(f[/(x)](^),V7(0) = \t\p{F[f{tx)]{f),p{f)) = \t\^{f{tx),F[p{^)]{x)), 
p G 'D(Qp. Hence, taking into account relation (I7.1|l . we obtain 


i.m (IkMli) 




fjtx) 

pit) ’ 




= {9ix),F[pi^)]ix)) = {F[gix)]if),pif)), W pe r>(Qp), 


i.e., the distribution F[/(x)](^) has the quasi-asymptotics F[5f(x)](^) of degree 
T^a+n s-t zero with respect to \t\ppit). 

The sufficiency can be proved similarly. □ 


For n = 1 Theorem EH Lemma 16.11 and formula (gH) imply the following 
corollary. 


Corollary 7.1. A distribution f G F>'(Qp) has a quasi-asymptotics of degree 
Tiaix) at infinity, i.e., 


r( . j Cx" Vi(x), 7r„7^7ro = X S 

(7.2) f(x)r^g[x) = <. I Li xL ^ oo, 

^ ^ ^ ^ ^ ^ \ <^<^(3;), 7r„ = TTo = |x|p\ ' 'P 

if and only if its Fourier transform F[f] has a quasi-asymptotics of degree 
7r"+i(0 at zero, i.e.. 


F[fix)m- F[gix)m 

^ f C'rp(7r,,)|^|-“7r7^(0, vr„ ^ To = |x|-^ 

\ C, 7r„ = vTo = |x|“^ 

where the distribution Tiaix) = |x|p“^7ri(x) is given by (ITTl) . 
Theorem 7.2. Let f G $x(Qp). Then 

fix) ~ ^(x), \x\p oo {pit)) 

if and only if 

DUix)"^^ D^^gix), |x|p^oo (|t|}r^'p(t)) , 
where /? = (^i, ...,/?„) G C*", |/?| = /?i H- \r fdn- 



0 , 
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Proof. Let {3j ^ —1, j = 1,2,.... In this case the Riesz kernel f- 0 {x) is a 
homogeneous distribution of degree | — /9| — n. According to Lemma l4.ll and 
formulas iH), ra, (gTTD . we have 


= {{f * f-0){tx), fix)) 

= = \^\p{fi'tx),{f-0{ty),(l){x + y))) 

for all (j) e $x(Qp. Thus 



Next, passing to the limit in the above relation, as |t|p —>■ cx), we obtain 



g{x) in <hx(Qp. Thus this case of the theorem is proved. 

Consider the case where among all (5i,... ,(5n there are k pieces such that 
= — 1 and n — k pieces such that 7^—1. In this case the Riesz kernel f-gix) 
is an associated homogeneous distribution of degree | — /3| — n and order k, 
k = 1,... ,n. Let (d\ = ■ ■ ■ = (3k = —1, /3fc+i, • • • , (3n ^ —1- Then according to 


dUZl), 


f-gity) = \t\l (logblip + log Np)x 

log p 



= \t\p-"f-0y) 



( 7 . 3 ) 



It is easy to verify that in view of characterization CD. 


{f-i3(ty),4>{x + y)) = |i|J. "(f-ii(y),4>{x + y)) 


\t\l-i»-'(DU)(x), ^6 4>x(Q”). 


( 7 . 4 ) 
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For example, taking into acconnt (EU, we obtain 

(x^=2'^og\xj - yj\p X x'Lfc+iki/ (I){yi,y2,...,yn)dyi) = 0, 

' jQp ' 

for all 0 G <Fx (Qp- In a similar way, one can prove that all terms in (HI, with 

the exception of |t|p do not give any contribution to the fnnctional 

{f-y{ty),(l){x + y)), where = ■ ■ ■ = j3k = -I, , (3n 7^ -1- Thus 

repeating the above calculations almost word for word and using (Q , we 
prove this case of the theorem. □ 

Theorem 7.3. Let f G <F'(Qp. Then 

fix) ~ gix), \x\p oo (pit)) 

if and only if 

D^fix)'^D^gix), |a;|p^cx) (|t|"V^)), 

where /3 G C. 


Proof. Let jd ^ —n, j = 1,2,.... Since the Riesz kernel H-pix) is a homoge¬ 
neous distribution of degree —j3 — n, according to Lemma 14.21 and formulas 
(junD, (giHD, doni), we have 

( {D^f) (tx), 0(x)) = {if * K_p) (tx), 0(x)) 


= \t\p''{fix), = \t\'^{fitx),{K_fsity),c()ix + y))) 

= \t\f^{fitx),{K_/3iy),(j)ix + y))),= \t\~^{fitx),{D‘^(j))ix)), 
for all 0 G d’(Qp. 

Passing to the limit in the above relation, as 00 —>■ cx), we obtain 


lim 

|i|p—»oo 


jP^f) jtx) 
\t\f^pit) 




fjtx) 

pit) ’ 




Thus this case of the theorem is proved. 

Let fd = —n. In this case the Riesz kernel Knix) is an associated homogeneous 
distribution of degree 0 and order 1. According to (I4.15|) . we have 


lenity) = 


1 — p 


log|l/|. 


1 — p ' 
\ogp 


log 00. 


logp ° p 

In view of dSSl), 

{unity), (fix + y)) = {i^niv), 4>ix + y)) 

1 — f) 'P' 

-p^^^°S 00 (l, 0 (a^ + l/)> = (T>“>)(x), 0 G <I>(Q 0 ). 

Thus repeating the above calculations almost word for word and using the last 
relation, we prove this case of the theorem. □ 
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Theorem 7.4. A distribution f G has a quasi-asymptotics at infinity 

with respect to an automodel function pit) of degree tTq, if and only if there 
exists a positive integer N > —a + 1 such that 


lim 

l^lp^oo 


D-^f{x) 

\x\pP{x) 


A^O, 


i.e., the (fractional) primitive D ^f{x) of order N has an asymptotics at 
infinity {understood in the usual sense) of degree 7ia+N- 


Proof. By setting = —N, N > —a + 1 in Theorem 17.21 we obtain that 
relation (El holds if and only if 

D-^{\x\p~^ni{x)), TTa 7 ^ TTo, 


(7.5) D-V{x) D-^g{x) = C ^ j^-n^s{x)), 

as \x\p —> cx) {\t\p p{t)), where tiq = |x|“^. 

If vTq, 7 ^ TTo = with the help of formulas (ElOD, (1^^ . (031), we hnd 

that 


'^a — ^0? 


(7.6) D-’^g(x) = 


U(iV) 


rp('7ro,_|_7V') 


where the F-functions are given by (EH, (I3TH1) . If TTa = VTo = \x\ ^ then 


(7.7) 


D-^g{x) = C'- 


\x 


\N-1 

\p 


rp(iv) 

Formulas (ESD, (El, dH imply that 


* (5(a:) = C 


\x 


A-l 

Ip 


U(iV) 


lim 

|(:|p—>00 


(B-''/)(ta) \ ^ n(7r„) 


\t\pP(t) ' / r,(ir„+K) 

for all (j) G <h(Qp). Since a + iV — 1 > 0, we have 


,^(x)) ^ ^7ri(x), It>(x)), 


(7.8) 


lim 


{D ^f){tx) ^ ^ rp(7r„) 


t py'^a+N) 


\x\ 


\t\p^oo \t\p p{t) 

By using Dehnition lb.II and formula (lfi.l|) . relation (17.81) can be rewritten in 
the following form 


A = C 


^p{^a) 

^pi'Xa+N) |i|V3oo \t\^p{t)\xA+^-^Trfix) 


= lim 


(D-«f)(tx) 


(D '^f){tx, 

= hm ^ hm 


p(tx) 

IteipTIoo \tx\^p{tx) |tfp3oo \x\^-^7ii{x)p{t) IpIp^oo \y\^p{y) 


□ 


Theorem 7.5. LetA{f) G £^(Qp\{0}) be the symbol of a homogeneous pseudo¬ 
differential operator A of degree Tig, and f G <I>'(Qp). Then 
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if and only if 

{Af){x) ~ {Ag){x), \x\p oo {7r^\t) p{t)). 


Proof. Since the Lizorkin space *h(Qp is invariant under the pseudo-differential 
operator A (see Sec. 0, according to formulas (El, (Q, and (El, (EH, 
we have 

{{Af){tx),(j){x)) = \t\f^(^f{x),A^(j)(^^^^ 

= \t\--{f{x), F-^ [^(-OF[0(|)](O] (t)) 

= (a^)> 

= ^(/WT-‘A(-0FWx)](0](f)) 

= ■f’"' [.4(-0 F[.^(i)]«)](i)>, V.#. 6 4(<}p. 

Passing to the limit in the above relation, as |t|p —>■ cx), we obtain 


lim 

t|p—>oo 


iAf){tx) 



fjtx 
pit) ’ 




i.e., in view of (El, hm|t|^^oo = Ag{x) in <h'(Qp) if and only if 

hm|i|p^oo = dix) in <h'(Qp). Thus the theorem is proved. □ 
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